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Abstract
We study the effects of disorder in two-dimensional quantum an-
tiferromagnets on a square lattice, within the nonlinear sigma model
approach, by using of a random distribution of spin stiffnesses or zero-
temperature-spin-gaps, respectively, in the renormalized classical and
quantum disordered phases. The quenched staggered magnetic sus-
ceptibility at low temperatures is evaluated in each case. The large
distance behavior of the quenched spin correlation function is also ob-
tained in the quantum disordered phase. Disorder is shown to intro-
duce a change from exponential to power-law decay in these functions,
indicating that the spin excitations become gapless, in spite of the fact
that the system is in a disorder state. A comparison is made with the
dual behavior of skyrmion topological excitations in the renormalized
classical phase.
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1) Introduction
The physics of two-dimensional quantum antiferromagnetic systems has been attract-
ing a lot of interest, to a great extent due to the important role played by them in
the high-Tc superconducting cuprates. The continuum description of these systems
in terms of a Nonlinear Sigma Model (NLSM), in particular, has proved to be very
convenient in order to extract relevant physical information such as the phase struc-
ture, order parameters, magnetic susceptibilities, correlation functions and critical
exponents, among others [1, 2, 3, 4, 5].
In a recent paper [6], the effect of disorder has been investigated in the renormalized
classical, Ne´el ordered, phase of the NLSM. This was done through the introduction
of a random continuum distribution for the spin stiffness, which is the relevant control
parameter in this phase. Quenched averages were then used to evaluate the effects of
disorder on the correlation functions of quantum topological excitations (skyrmions).
An interesting consequence was found concerning the energy gap of these excitations.
In the Ne´el phase, without disorder, skyrmions have a finite energy gap, proportional
to the spin stiffness (ρs), which is the square of the staggered magnetization [7].
This fact usually enables one to use the skyrmion energy gap as a reliable order
parameter for the Ne´el phase. When disorder is introduced, in such a way that
magnetic dilution is not exponentially supressed, however, one finds that the skyrmion
energy gap vanishes, in spite of the fact that the quenched staggered magnetization
is different from zero [6]. This means that in certain situations one cannot use the
skyrmion gap as a suitable order parameter for the AF order.
In the present work, we analyze the effects of disorder on the spin correlation
function in the quantum paramagnetic (quantum disordered) phase of the NLSM and
also on the staggered magnetic susceptibiliy, both in the Ne´el and quantum paramag-
netic phases. For this purpose, we exploit the order-disorder duality relation existing
between the spin excitations and the quantum skyrmion topological excitations [7].
Indeed, in the ordered Ne´el phase, skyrmions possess a nonzero energy gap while spin-
waves (magnons) are gapless whereas in the quantum paramagnetic phase the former
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are gapless and the latter acquire a nonzero gap. The relevant control parameter of
the system in the quantum paramagnetic phase is the spin gap at zero temperature,
∆s. Consequently, in order to describe the presence of disorder in the system in the
quantum paramagnetic phase, we shall introduce a random distribution for the spin
gap and evaluate quenched averages of relevant quantities. A further justification for
this way of introducing disorder in the quantum paramagnetic phase comes from the
way ρs and ∆s are expressed in terms of the coupling constant of the NLSM (g0).
Indeed, we have
ρs =
1
g0
− 1
gc
; ∆s = 8π
(
1
gc
− 1
g0
)
, (1)
where gc is the critical coupling for the quantum phase transition separating the
Ne´el and the quantum paramagnetic phases [2]. g0 is directly related to the exchange
coupling of the original spin system and therefore it is natural to expect that the effects
of disorder existing in the latter should manifest through g0 in the continuum version.
Consequently, in view of (1), corresponding to a random distribution of ρs in the Ne´el
phase, we must have a similar distribution of ∆s in the quantum paramagnetic phase.
We shall use, both for the spin stiffness and spin gap, respectively in each phase, the
distribution [6]
P [α] =


1
N
αν−1e−
(α−αs)
2
2σ2 α ≥ 0
0 α < 0
(2)
where ν > 0 and
N = σνΓ(ν)D−ν
(
−αs
σ
)
e−
α2s
4σ2 (3)
where D−ν(x) is a parabolic cylinder function. In (2), α stands either for the spin
stiffness ρ, in the ordered Ne´el phase (αs ≡ ρs), or for the spin gap ∆, in the quantum
paramagnetic phase (αs ≡ ∆s). Notice that the distribution vanishes for negative
values of the argument. This is a natural choice since the control parameters ρ and ∆
are not defined in this case. Ferromagnetic couplings, in particular, are not described
by the distribution above.
In the case of the high-Tc cuprates, which are prototypes of 2D quantum antiferro-
magnets, typical values for the parameters are [8, 9]: ρs ≃ 10−1eV ; ∆s ≃ 10−3eV . We
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assume σ << ρs, and σ << ∆s, respectively, in each phase, in order to ensure that
the ρ and ∆ configurations are slowly varying and the continuum limit can be safely
taken. Hence, typical values for the variance would be σ ≃ 10−3eV and σ ≃ 10−5eV ,
respectively, in the ordered Ne´el and quantum paramagnetic phases. Also, for a sam-
ple of dimension L ≃ 1mm we have, in both phases, the relation (to be used later
on) (
L
h¯c
)
σ >>
(
αs
σ
)
>> 1, (4)
where c is the spin-wave velocity, the characteristic velocity of the system. The typical
value for the ordered phase is h¯c ≃ 1eV A˚ [8] and we assume h¯c ≃ 10−2eV A˚ in the
quantum paramagnetic phase.
2) Renormalized Classical Region
Let us investigate here the effects of disorder on the homogeneous, static staggered
susceptibility for g0 < gc, or ρs > 0. Within the CP
1 formulation of the NLSM, this
is given by [5]
χ(T ) = lim
|~k|,ω→0
χ(ω,~k, T ) =
T
4m2(T )
, (5)
where χ(ω,~k, T ) is the vacuum polarization scalar for the CP1 constraint field and
m(T ) is the spin gap. For T << ρs, we have m(T ) = Te
− 2piρs
T and
χ(T ) =
e
4piρs
T
4T
T→0−→ ∞ (6)
The spin gap vanishes at T = 0 and the susceptibility diverges, implying the occurence
of an ordered Ne´el state at zero temperature.
In the presence of disorder, the quenched susceptibility will be given by
χ¯(T ) =
∫ ∞
0
dρP [ρ]χ(ρ, T ), (7)
where P [ρ] is given by (2). The condition σ << ρs enables us to use the expression
(6) in (7), obtaining, for T << σ << ρs
χ¯(T ) =
1
4T ν
[
4πσ2
ρs
+ T
]ν−1
exp
[
8π2σ2
T 2
+
4πρs
T
]
, (8)
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We see that we have χ¯(T )
T→0−→∞. This means that even after the inclusion of disorder
the ordered Ne´el state persists for ρs > 0, a result that confirms, from the point of view
of the susceptibility, the observation made in [6] by looking directly at the quenched
magnetization. It has been shown, nevertheless, that the quantum skyrmion quenched
correlation function changes its behavior from exponential to power-law decay at large
distances as a consequence of the presence of disorder in this phase [6].
3) Quantum Paramagnetic Phase
We now consider the effects of disorder on the susceptibility in the quantum param-
agnetic phase, characterized by g0 > gc, or ∆s > 0. χ(T ) is still given by (5) but the
spin gap is now given, for T << ∆s, by [4]
m(T ) = ∆s + 2Te
−∆s
T (9)
and no longer vanishes at zero temperature. The susceptibility is now given by
χ(T ) =
T
4∆2s(T )
(
1− 4 T
∆s
e−
∆s
T
)
(10)
and we see that χ(T )
T→0−→ 0, implying the absence of an ordered state at T = 0 in
this phase.
We now introduce disorder in the system and consider the quenched susceptibility
χ¯(T ) =
∫ ∞
0
d∆P [∆]χ(∆, T ), (11)
where P [∆], the random distribution of ∆’s, is given by (2) and χ(∆, T ), by (10).
Observe that the condition σ << ∆s allows us to introduce the T/∆s-expanded
expression (10) inside the integral in (11). After performing the ∆ integration we get,
for T << ∆s
χ¯(T ) =
T
4∆2s
− T
2
∆3s
exp
[
−∆s
T
(
1− σ
2
2T∆s
)] [
1− (ν − 4) σ
2
T∆s
]
. (12)
We see that χ¯(T )
T→0−→ 0, implying that the inclusion of disorder, described by (2) does
not change the fact that the system is in a disordered ground state, at T = 0, for
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∆s > 0 as one should expect. Notice, however, that the subleading behavior of the
susceptibility is modified by the presence of disorder. Observe, on the other hand,
that disorder does not change the critical exponent for the quantum phase transition
occurring for g → gc, at T → 0. In any case, we have the susceptibility behaving as
(g − gc)−2 at the critical point.
Let us investigate now the large distance behavior of the spin correlation function
< Sz(~x, τ)Sz(~0, τ) >. This is proportional to [5]
χ(~x) =
∫ d2k
(2π)2
χ(ω = 0, ~k, T )ei
~k·~x |~x|→∞−→ e−2m(T )|~x|, (13)
where m(T ) is given by (9) in the quantum paramagnetic phase.
We are interested in the zero temperature, large distance behavior of the quenched
spin correlation function, hence we consider
χ¯(~x) =
∫ ∞
0
d∆P [∆]χ(~x,∆, T = 0)
|~x|→∞−→
∫ ∞
0
d∆P [∆]e−2∆|~x|. (14)
Performing the ∆ integration, we get, for σ << ∆s,
χ¯(~x) =
Γ(ν)√
2π
(
σ
∆s
)ν−1
e−∆
2
s/2σ
2
exp
[(
σ|~x| − ∆s
2σ
)2]
D−ν
(
2σ|~x| − ∆s
σ
)
. (15)
In order to obtain the large distance behavior of (15), we use condition (4) and the
asymptotic behavior of the parabolic cylinder functions [10]. The result is
χ¯(~x) =
|~x|→∞−→ Γ(ν)
2ν
√
2π
(
∆1−νs
σ
)
e−∆
2
s/2σ
2 1
|~x|ν
[
1 + ν
∆s
2σ2|~x|
]
(16)
The power-law large distance behavior of the quenched spin correlation function in-
dicates that, in the presence of disorder, associated to the distribution of ∆’s given
by (2), the spin excitations become gapless for ∆s > 0 and T = 0. This happens, in
spite of the fact that the system is in a disordered state, as we have seen before. In
such sates, the spin excitations usually have a gap and therefore, the introduction of
disorder completely changes the scenario in this case. As we have mentioned some-
thing similar happened with the skyrmion topological excitations in the renormalized
classical region thereby clearly exposing the duality existing between skyrmions and
spin excitations.
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4) Concluding Remarks
We have considered the inclusion of disorder in a two-dimensional quantum antifer-
romagnet, both in the renormalized classical and quantum paramagnetic phases, at
low temperatures. Staggered magnetic susceptibilities and spin correlation functions
have been studied in the quenched regime. The behavior of these indicate that the
nature of the ground state is not modified but, nevertheless, the properties of the ba-
sic excitations are deeply changed. Spin excitations, become gapless in the quantum
paramagnetic phase, thereby exhibiting a dual character with respect to skyrmion
quantum excitations, which become gapless, in the presence of disorder, within the
renormalized classical region [6].
In this work, we described the presence of disorder by means of a continuuum
random distribution of the relevant control parameter in each phase, either the spin
stiffness or the zero-temperature-spin-gap. It would be interesting to investigate the
effect of a discrete distribution thereof, which could be introduced by delta functions.
Also, the types of disorder in which ferromagnetic couplings would be allowed would
be worth studying and could have interesting consequences for models of spin-glasses.
We are presently considering these possibilties.
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